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Part 5: Composite Functio
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A-Level

Pt. 5: Composite Functions

o

3x+8
x>9
x -7

. gx) =

. Find gg(11)

b. State the range of g(x)

jov)

b.

o

. Find g"'(x) and state it’s domain.

. The function fis defined by
fx) = —— XER, x#5
. Write down the range of f(x)
Find an expression for f!(x) and state it’s domain.
gxr)=x>-5 x€ER

. Solve fg(x) =%

. The functions f and g are defined by

f:ix—>In(Bx-2),xER, x>§

g:xﬁﬁ,xER, xX#£2

. Find the exact value of fg(3)

b. Find an expression for f!(x) and state it’s domain

o

6.
f:x—

a

b
c

. Sketch the graphs of f(x) and f!(x) on the same diagram

. The function g(x) is defined by g(x) = x> — 8x + 7, x € R, x > 4. Find g''(x) and state its domain and range.

. The functions f and g are definedby
f:x— 1-5x3 X€ER
g:x—>§—6, x>0 xX€ER
. Find the inverse function f -(x).

. Show that the composite function of gf'is
30x3 -4
1-5x3

gf:x—
. Solve gf(x) =0

The function fis defined by,
x+1 +2
Y x>3
5y+10  x2+42x+1

Show that f(x) = SiD

. Find the range of f(x)
. Find f!(x). State the domain of this inverse function.
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7. The functions f and g are defined by
f:x—>5x+Inx

2
g:x—e*

a. Write down the range of g(x)
b. Show that the composite function fg(x) is defined by:

fg:x — x> + 5%

c. Write down the range of fg(x)

8. The function f is defined by
f:x—x>+1forx>0

a. Define in a similar way the inverse function f!(x).

b. Solve the equation ff(x) = 11;':
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Mark Scheme

la.
3(11) +8 _ 41
g =222 M1
3( )+8 155
P M1
1b.
3(9)+8 35
g®) = () =5 M1
g(w)—>3
Therefore range: 3 < g(x) 532—5 M1
Ic.
_3x+8
x-7
yx—T7y=3x+38 M1
x(y—-3)=8+7y
—8+7y
y-2 M1
8+7
g W= v
2a.
flx) R M1
fx)#0 M1
2b.
f(x = m— M1
1=5x—yx
:Sx—l M1
f—l ¥) =
Domain: x ER, x#0 M1
2c.
fg(X) —5 =5 M
5—x2+5
_r _1
—x2+10 4 M1
4=-x2+10
xX’=6
x=+V6 M1
3a.
3
f3)=In(9-2)=In5 M1
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3b.

y=In(3x-2)
x=In(GBy-2) M1
ef = eln(3y—2) M1
e =3y 2 M1
_ef+2
M1
.1 _ eX +2
£1(0) = £
3c.
Attempted reflection in y = x M1
Red Line: f(x) M1
Blue Line: f!(x) M1
a 5
4,
gx)=x*-8x+7=(x—-4?-9 M1
x=@ry-4*-9 M1
y—4=+x+9 M1
glx)=vx+9+4 M1
Domain of g(x) = Range of g'l(x) > y >4 M1
Range of g(x) = Domain of g'!(x) —» x> -9 M1
Sa.
y=1-53>x=1-5)" M1
50=1-x
.
y= = Ml
() = |12X
P ==
5b.
2
ef — s 6 M1
2 6(1-5x3) M1
1-5x3 _ 1-5x3
_2-6(1-5x%)
1-5x3
_2-6+ §0x3 M1
13—5x3
_ 30x° — 4 M1
1=5x3
Sc.
30x% -4 _
1-5x3 M1
30x3 — 4=0
30x3 =4
3[2 M1
x="1=
15
2
Z
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6a.

x+1 y+2  x+1 y+2
5y+10  x2+2x+1  5(y+2)  (x+1)(x+1) M1 M1
1 1 1
57 (x+1)  5(x+1) M1
6b.
1
fx) = 5(x+1)’ x>3 M1
f3) = ——=—
5(3+1) 20
As x tend to oo, f(x) tends to 0. M1
Range: 0 <f(x) < % M1
6c¢.
1 _ 1
fx) = s+ 54D Ml
1
© 5(y+1)
Sx(y+ 1) =1
M1
Sxy+5x=1
_ 1-5x
Y 5x
Domain: 0 <x < % M1
7a.
= px?
gy =e . M1
x? > 0, therefore, e*” > 1
7b.
fg:x—»Se"2 +1In (exz) M1
=5e%" +x2 Ml
7c.
Range of 5e**; f(x)>5
Range of x%: f(x) >0 M1
gflx)>5
8a.
y=x2+1—>x=y2+1 M1
y=vx—1 M1
Plix—VE—1 M1
8b.
ffix) > (> +1)>+1 M1
2 2,118
(x*+1)*+ 1169 o
2 o _ 169
(x*+1) - v
X2 + 1 :T Ml
x2=2
4
x=x 2
2
x >0, therefore, x = \E M1
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Rlpehra and Functions

Part 6:

2

Wodulus Functions =

A-Level

Pt. B: Modulus Functions

1Lfx)=2x+3| —4,x €R

a. Sketch the graph of y = f(x), labelling its vertex and any points of intersection with the coordinate axes. Q)
b. Find the coordinates of the points of intersection of

y=|2x+3|—4andy=-§x+2 5)

2. The diagram shows the graph of h(x).

! The points A(—4, 3) and B(2, —6) are turning points on the graph and C(0,
—5) is the y-intercept. Sketch on separate diagrams, the graphs of

A(-4, 3)
a.y = [f(x)| 3)
b. y =1(|x|) 3
¢ Toc.y=2f(x+3) A3
0.5 Where possible, label clearly the transformations of the points A, B and C

52.-6) on your new diagrams and give their coordinates.

3. For the constant k, where k£ > 1, the functions f and g are defined by,

fix—>Inkx+k x>-k
g:x—2x—k| x€eR

a. On separate axes, sketch the graph of f and the graph of g(x). On each sketch state, in terms of &, the
coordinates of points where the graph meets to coordinate axes.

(6)
b. Write down the range of f(x). 1)
c. The curve C has equation y = f(x). The tangent to C at the point with x-coordinate 3 is parallel to the line with
equation 9y =2x + 1.

2
d. Find the value of k. “4)
4. The functions f and g are defined by
f:x—|x—al+a, x€eR
g:x—4x+x, x€R
Where a is a positive constant.
a. One the same diagram, sketch the graphs of f and g, showing clearly the coordinates of any points at which
your graphs meet the axes.
C))

b. Use algebra to find, in terms of a, the co-ordinates of the point at which the graphs f and g intersect. 3)



c. Find an expression for fg(x) 2)
d. Solve for x in terms of a, the equation A3)
fg(x) = 3a

5. Solve the equation |x| = |2x — 3| ?2)

6. A function is defined as f(x) = |2x + 5|, x € R.
a. Sketch the graph of y = f(x), showing the co-ordinates of any points where the graph meets the co-ordinate

axes. Q)
b. Evaluate ff(-4). (2)
gx)=f(x+k),x R
c. State the value of the constant k for which g(x) is symmetrical about the y-axis. 1)
7. Solve the equation [3x — 4| = |2x + 3| 5)

8. For each of the following, sketch y = |f(x)| and y = f(|x|) on separate axes showing the coorindates of any
points of intersection with the coordinate axes.

a.f:xﬁtanx,xeR,_Tn<x<§ )
b.f:ix—>(1+x)(5—x),x€ER )
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Mark Scheme

«

la.
Figure 1 Graph has a distinct V-shape. M1
Labels vertex (—%,—4} Al
Finds intercept with the y-axis. M1
) (0] X
2 ©, -1 Makes attempt to find M1
x-intercept, for example states that |2x + 3| -4=0
59
Successfully finds both Al
x-intercepts.
1b.
. . . 1 M1
Recognises that there are two solutions. For example, writing 2x+3 = " +2 and
—(2x+3) I
4
Makes an attempt to solve both questions for x, by manipulating the algebra. M1
Correctly states x = —g orx = —%. Must state both answers. Al
Makes an attempt to substitute to find y. M1
. Al
Correctly finds y and states both sets of coordinates correctly(—g,—%j and(—?,—%)
2.
Figure 2 Clear attempt to reflect the negative part of the M1
original graph in the x-axis.
"4 52.6)
\/\7 Labels all three points correctly. Al
A(~4, 3)
7 Fully correct graph. Al
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2b.

Figure 3 Clear attempt to reflect the positive x part of the M1
original graph in the y-axis.
\ / Labels all three points correctly. Al
o g Fully correct graph. Al
(-2,-6) | B(2,-6)
2c.
Figure 4 Clear attempt to move the graph to the left 3 M1
‘ spaces.
A(-6.2) Clear attempt to stretch the graph vertically by a M1
factor of 2.
Fully correct graph. Al
(=3, -10)
3a.
Shape M1
Interaction with negative x-axis M1 ‘ y
(0,In k), (1 -4, 0) M1 |
| (0, In k)
f(x)=In(x + k)
|
71k 0|0 X
I

Modulus graph with V shape M1
Vertex on positive x-axis M1 y

(0. k) and (5, 0) M1

g(x) = |2x — k] (0, k)
O/ (k2,0) X
3b.
f(x) € R
-0 < f(x) < o0 M1
2
Z
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3c.

ky = 24 _
fg (&) =In tk+ |2 — k| M1
3k

= ln(;) M1
3d.

a_ 1

dx x+k M1

when x = 3, < M1

3+k
=2 M1
9

k=1= M1
4a.

V shape in correct orientation M1

Vertex in first quadrant M1

(0, 2a), (0, @) and (‘T“, 0) M1 M1 M1

2a
a
-a
4

4b.

4x+a=(a—x)+a M1

S5x=a,x :% M1

y= 95_a M1
4c.

fgx)=4x +a—al+a M1

|[4x| + a M1
4d.

|[4x| + a =3a M1

|4x| =2a M1

-2 _a

X = 2’ 2 Ml
5.

x=2x-3,x=3 M1

x=(2x-3),x=1 M1

2
Z
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6a.

V shape in correct orientation M1

Vertex in second quadrant M1 y
(0. 5) and (5, 0) M1 M1
(0,5)
5 |0
2

6b.

f(-4)=1-3|=3 M1

ff(-4)=|-3| =|11| =11 M1
6¢.

-5

- M1
7.

(Bx—4)?=(2x+3)? M1

9x* — 24x + 16 =4x* + 12x + 9 M1

5x*=36x+7=0 M1

Gx—1)(x=7)=0

5x—1=0,x=% M1 M1

x-7=9,x=17
8a.

Correct y = |f(x)| M1 3 -

Correct y = f(|x|) M1 y= 1w o y=1(]x]) VoA

O |(0, 0) =.-t O |(0,0) i

8b.

Correct shape y = |f (x)| M1

Coordinates: (0, 5), (-1, 0) and (5, 0) M1

Correct shape y = f(|x]) M1 y= il ra y=Hx1) ' ‘m 5)

Coordinates: (-5, 0), (0, 5) and (5, 0) M1 /\/\

(—5,0) o (5.0) =1
(0,5)
-1,0[0 (5,0 x
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Rlpehra and Functions

Part 7: Partial

)
2
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A-Level

Pt. 7: Partial Fractions

1. Find the values of constants A and B in each identify:
6x+7=AQ2x—-1)+B(x+2)

2. Find the values of the constants A and B in each identify:

x—-9
x2—4x+3

A B
_+_
x—1 x-3

1-3x

3. Express in partial fractions Grtd) @it

3x+2

4. Express in partial fractions 7 or22

5x+7
2

5. Express in partial fractions
xX“+x

4x+6
x2-9

6. Express in partial fractions

7. Find the values of the constants A, B and C in each identity:

8x+14 A B Cc
(x—=2)(x+1)(x—-6) x-2 x+1 x-6

8. Find the values of the constants A, B and C in each identity:

3x%2-7x-4
(x—3)(x-2)?

c
(x-2)?

A B
= +=+
x-3 xX—2

. . . 2-9x
9. Express in partial fractions e Ye—
9x%-2x-12

10. Express in partial fractions 7 —ox

11. Find the values of the constants A, B and C in each identity

2
x“+2x+9 B c
> =EA+—+—
x“+4x-5 x—-1 x+5
. . . 2x2+7x
12. Express in partial fractions
x2+6x+8
x%+3

13. Express in partial fractions TEETTEN)
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Mark Scheme
1.

x=%
10 = A(0) + BQ.5) M1
B=4

x=-2
-5=-5A +B(0) M1
A=1

2

X—9=A(x—3)+ B(r_1) M1

x=3
-6 =A(0) + B(2) M1
B=-3

x=1
-8=-2A +B(0) M1
A=4

x—-9 4 3
x2—4x+3 x—1 x-3

3.
1-—3x _ A B
Bx+4)2x+1) (Bx+4) + 2x+1) M1
1—3x=AQ2x+ 1)+ B@Gx+4)
x=-1/2
2.5=A(0) + B(2.5) M1
B=1
Z
T3
5=A(=) +B(0) M1
A=-3
1—-3x -3 1

Grt D+ D) Gatd) | Zxt D

4.
3x+2 _  3x+2 _ A B
x2—2x—24_(x—6)(x+4)_(x—6)+(x+4) M1
3x+2 = A(x+4) + B(x - 6)
x=-4
-10 = A(0) + B(-10) M1
B=1
x=6
20 = A(10) + B(0) M1
A=2
3x+2 2 1
x2—2x—24_(x—6)+(x+4)

5

.5x+7 _ 5x+7 _ A B
x24x T x(x+1) T x  x+1 M1
5x +7=Ax+1) + B(x)

x=0
7=A()+B(0) M1
A=7

x=-1
2=A(0)+B(-1) M1
B=2

5x+7 7 2
47 _7 2 B

x2+x ~ x  x+1 %
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4x+6 _  4x+6 _ A

B
x2-9 — (x+3)(x=3) _ x+3 x-3
4x + 6 = A(x-3) + B(x+3)

M1

x=3
18 = A(0) + B(6)
B=3

M1

x=-3
-6 = A(-6) + B(0)
A=

M1

1 3
=— -+
x2-9  x+3 x-3

8x+14 A B Cc
(x=2)(x+1)(x—6) x-2 x+1 x—6

8x + 14 = A(x + 1)(x — 6) + B(x — 2)(x — 6) + C(x — 2)(x + 1)

M1

x=2
30 =A(-12)
2

A=—=
5

M1

x=-1
6 =A(0) +B(21) + C(0)
B=21

2

M1

xX=6
62 = A(0) + B(0) + C(28)

31
Cc==
14

M1

8x +4 2 7 31

G-Dx+DE—6) 5x-2) 2Gc+D) 14@x—6)

8.

3x2 —7x —4 A B C

G—3)x—22 x—3 T x—2 1 x=22
3 -Tx—4=Ax-2)*+B(x-3)(x-2)+Cx—-3)

M1

x=3
2 =1A +B(0) + C(0)
A=2

M1

x=2
-6 = A(0) + B(0) + C(-1)
C=6

M1

x=0,A=2C=6
-4=2+B(6)

-6 = B(6)

B=1

M1

3x2—-7x—-4 2 N 1 N 6
(x—3)(x—-2)2% x—-3 x—2 (x—2)2
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9.

2-9x A B C

(x-3)2x-1)2 _ x-3 ' (2x-1) ' (2x—1)2
2 9x=AQx— 12 +B(x-3)2x— 1)+ C(x - 3)

M1

x=%
2.5 = A(0) + B(0) + C(-2.5)
C=1

M1

x=3
-25 =25A + B(0) + C(0)
A=-1

M1

x=0,A=-1,C=1
2=-4+3B+-3

6 =3B

B=2

M1

2—9x -1 2 1

(x—3)(2x—1)2_xT3 (2x-1)  (2x—-1)2

10.

9x2-2x—12 _ 9x?-2x-12 _ A B c

x3+x2-6x  x(x+3)(x=2)  x  x+3  x-2

M1

9x? — 2x — 12 = A(x+3)(x-2) + B(x)(x-2) + C(x)(x+3)

M1

x=0
-12 = A(-6) + B(0) + C(0)
A=2

M1

x=-3
75 = A(0) + B(15) + C(0)
B=5

M1

x=2
20 =A(0) + B(0) + C(10)
CcC=2

M1

9x2-2x-12
x34+x2-6x

11.

x2+2x+9 N B N c
x2+4x -5 x—1 x+5
xX°+2x+9=Ax-DE+5+Bx+5+Ckx-1)

M1

Co-efficients of x*: 1 = Al, A=1

M1

x=1
12 =A(0) + B(6) + C(0)
B=2

M1

x=-5
24 = A(0) + B(0) + C(-6)
C=4

M1
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12.

2x%2+7x  2x*+7x Z a4 B N C

x2+6x+8 (x+4)(x+2) x+4 x+2 M1
23X+ Tx=Ax +4)(x+2)+B(x-2)+C(x +4)
Co-efficients x*: 2 = A(1)
A=2 M1
x=-4
4= A(0) + B (-2) + C(0) M1
B=-2
x=-2
-6 = A(0) + B(0) + C(2) M1
C=-3

2x2+7x ) 2 3
x> +6x+8 x+4 x+2
13.
_x*8 B, <
(x=3)(x+1) x-3  x+1 M1
¥+3=Ax-3)x+1)+Bx+1)+Cx-3)
. 2.1 —
Coefficients of x*: 1 = A(1) M
A=1
x=3
12 = A(0) + B(#) + C(0) M1
B=3
x=-1
4= A(0) + B(0) + C(-4) M1
C=1
x?+3 14 3 + 1

(x—3)(x+1 x—3 x+1
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